
Alternate Definition

Definition: A Turing-recognizable language is a formal language for which
there exists a Turing machine that will halt and accept when presented
with any string in the language as input but may either halt and reject or
loop forever when presented with a string not in the language. Contrast
this to (Turing-)decidable languages, which require that the Turing machine
halts in all cases.

Source: Wikipedia
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Decidable Languages
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Decidable Languages
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Variants of TM’s
As in the case of FA’s we can construct different variants of the Turing machine. And, as
in the case of FA’s, we can show that all these variants have the same computational
power: they all recognize the same languages.a

The most important variants:

multi-tape TM’s

nondeterministic TM’s

aThis is not to be confused with complexity, some of the variants have lower computational complexity than others for the same task.
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Multi-tape TM’s

A multi-tape Turing machine is a 7-tuple, (Q, Σ, Γ, δ, q0, qaccept, qreject), where Q, Σ, Γ are all
finite sets and

1. Q is the set of states,

2. Σ is the input alphabet not containing the blank symbol ⊔,

3. Γ is the tape alphabet, where ⊔ ∈ Γ and Σ ⊆ Γ,

4. δ : Q×Γk → Q×Γk ×{L, R}k is the transition function with k the number of tapes,

5. q0 ∈ Q is the start state,

6. qaccept ∈ Q is the accept state, and

7. qreject ∈ Q is the reject state, where qreject 6= qaccept.

NOTE: For convenience sake we always load the input onto tape 1.
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Multi-tape TM’s

Theorem: Multi- and Single-tape TM’s are equivalent.

Proof Sketch: We show equivalence by demonstrating that each machine can simulate the
other.

(a) To show that a multi-tape TM can simulate a single-tape TM is trivial because a
single-tape TM is a special case of the multi-tape TM.

(b) A single-tape TM can simulate a multi-tape TM by simulating the k tapes of the
multi-tape machine on its single tape. This requires appropriate separation markers
between the virtual tapes and memory for the k virtual tape heads. Graphically,
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Multi-tape TM’s

Corollary: A language is Turing-recognizable iff some multi-tape TM rec-
ognizes it.
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Nondeterministic
TM’s

A nondeterministic Turing machine is a 7-tuple, (Q, Σ, Γ, δ, q0, qaccept, qreject), where Q, Σ, Γ

are all finite sets and

1. Q is the set of states,

2. Σ is the input alphabet not containing the blank symbol ⊔,

3. Γ is the tape alphabet, where ⊔ ∈ Γ and Σ ⊆ Γ,

4. δ : Q × Γ → P (Q × Γ × {L, R}) is the transition function,

5. q0 ∈ Q is the start state,

6. qaccept ∈ Q is the accept state, and

7. qreject ∈ Q is the reject state, where qreject 6= qaccept.

NOTE: If all branches of computation in an
NTM halt on all inputs then we call it a
decider.
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Nondeterministic
TM’s

Theorem: Nondeterministic TM’s are equivalent to deterministic TM’s.

Proof Sketch: We show equivalence by showing that each TM can simulate the other.

(a) To show that nondeterministic TM’s can simulate deterministic TM’s is trivial because
deterministic TM’s are a special case of nondeterministic TM’s.

(b) We can simulate an NTM N with a TM D by having D search through the tree of
nondeterministic computation configurations for accepting configurations in a breadth
first manner. 2

Corollary: A language is Turing-recognizable iff some nondeterministic
TM recognizes it

Corollary: A language is decidable iff some nondeterministic TM decides
it
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Encodings

Since TM’s are models of general computations we are able to express algorithms over
more structured problems than just structures of strings.

We express more general encodings as 〈something〉. The thing to keep in mind is that
this encoding should be “straight forward” in the sense that the process of encoding
should not hide steps that might lead to erroneous conclusions when computing with
TM’s.a

Example: Let A be the language of all connected undirected graphs, formally

A = {〈G〉|G is a connected undirected graph}.

We could envision that 〈G〉 is a list of vertices and the edges between them easily
obtained by scanning the graph G.

aThis will become especially important when we talk about computational complexity.
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Encodings

Example: Show that the language

A = {〈G〉|G is a connected undirected graph}.

is decidable.

Proof: We show decidability by constructing a decider for the language.
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